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INTERPOLATION OF OPERATION
AND ORLICZ SPACES
Sumiyuki Koizumi
Introduction.
In this paper we extend the theorem of J.Marcinkiewicz [5,9] con-
cerning the interpolation of operation to include Orlicz spaces [3,4,6] as
intermediate classes. Many estimations of inequalities as for operator can
be refined into the bounded operator of an Orlicz space to another one.
The study of these extensions of the theorem of Marcinkiewicz is of inter-
est because they are not explicitly included in the abstract theory of inter-
polation. The results alluded to approach have numerous applications.
1. Orlicz spaces.
In what follows the letters A,B,C are reserved for generalized
Young's functions, that is, for functions A(t) defined from [0, oo] into
[0, oo], A (0) = 0, such that
(i) A is non-trivial,i.e. A (u) £ 0 or A (u) £ oo for u G (0, oo);
(ii) A(u) is left-continuous;
(iii) A (u)/u increases in the wide sense.
We defined the regularization An of A as
Then Ao is convex, increasing, Ao (0) = 0, and non-trivial. Moreover
－９－
Such functions Ao are called Young's function and (1.2) shows that in-
equalitiesinvolving A are equivalent to theose with Ao.
Let (X ,/j) be a positive measure space and let / be a /^-measurable
function defined on X and set after W.A.J.Luxemberg[4]:
It is known that LA is a Banach space with ||/||A , the Orlicz space norm
([3],[6]). An operation g = Tf of a class of functions / on (X,/j,) into a
class of functions g on (N, v) is called sublinear if it satisfiesthe follow-
ing properties:
An operation g = Tf defined for / in LAq (X, n) and taking values g
in LBq (Y, v) is said to be bounded if there is a constant K > 0 such that
The smallest constant K above is called the norm of T and such operators
T are said to be of type (Ao ,Bo ). When Ao ,Bo are powers, we use the
exponents. For example if Ao (u) = up, LAq = Lp and a transformation of
type (Ao ,A0 ) is of type (p,p) etc..
Then we shall prove the following theorem.
Thorem 1. Let A, B are generalized Young's functions and Ao ,
Bo are their regularization respectively. Let g = Tf be a sublinear opera-
tion defined for f in LA (X,fj,) and taking values g in LB(Y,u). Then if T
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is of type (A,B), i.e. there is a constant K such that
it can be refined into type (Ao ,B0) with norm < 2K, i.e.
Proof. Since (1.6) implies (1.5), we have the following relation of
setinclusion:
where the notation kE means set {k＼; A e E}. If we take the infimum of
the above set, we have
Here we should point out the following circumstances. Since A, B are
not necessarily convex, so ＼＼f＼＼A,＼Tf＼＼Bare not the Orlicz norm. We shall
denote it by /?.≪.|l/>||A,p.n.||7/>l|Betc. and it means the pseudo-norm.
By (1.2), we have
From the firstinequality, we have the following relation of setinclusion;
Then if we take the infimum of the above set, we have
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From the second inequality,we have
where A = 2A'. Then taking the infimum of the above set we have simi-
larly,
Therefore we can prove
By the same arguments as for A and Ao , we have as for B and Bo ,
Combining theseinequalities(1.8),(l-9)and (1.10),we have (1.7).
Theorem 2. Let us suppose the same hypothesis as Theorem 1
except T is of type (A ,B) with norm < K. Instead of it,if we have in-
eqalities:
then we have the same conclusion as Theorem 1, thatis, the estimation
(1:11) can be refinedinto T to be of type (AQ ,Bo ) with norm < 2 max
(K, 1), i.e.we have
Proof. We may assume that in (1.11), the constant K > 1. If not, we
can replace K by 1. We shall use this property to prove that
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Since Bo (u) is vanish at 0, increasing convex function, we can prove it
easily.
By (1.2) as for A ,A0 and B ,B0 respectively, we have
By (1.11) and (1.13), there is a constant K such that
Then running the same lines as the proof of Theorem 1, we have the op-
eration T is of type (Ao ,Bo ) with norm < 2 max (AT,1).
2. Interpolation of operation.
The equation of the straightline passing through the points (a, ,A ),
/ = 0,1 is given by y = ex + 7. We now state the interpolation theorem.
Theorem(A.Torchinsky [8]). LetO < A = l/q, < a-t = ＼/pt ,i =
Ojlj^o ^Pi
≫^o 7^^1
and eil be as in (2.1) respectively. Suppose that a
sublinear operation g = Tf is of weak type (p0 ,q0) and of type (px ,qx )
with norms Mo and Mx respectively. Assume that the generalized
Young's functions A, B are given by
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with a and b monotone, and that
Let I = q0 V qx and m = q0 A q{ , then further assume that B{u)/ul
decreases and B (u)Ium increases.
Ifqx ―I suppose that
Then T is of type (A,B) with norm K, i.e. there is a constant K > 0 such
that
If we apply Theorem 1 to the theorem of Torchinsky, we have
Theorem 3. Under the same assumptions as the theorem of
Torchinsky, we have that a sublinear operation T is of type (Ao ,Bo),
where Ao ,B0 are the regularization of A, B respectively. That is the op-
eration T transforms functions f in LA into g = Tf in LB boundedly and
we have
Examples. T is sublinear operation of weak type (1,1) and of type
(p,p) for some p > 1. If A(u)/u increases, A(u)/up decreases and
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Then T is of type (Ao ,A0 )･
In fact this result is relatively simple. Since e = 1,7 = 0, we then
have B(u) = A(w). In particular, A(u) = ur or A(u) = u''(l + log uj,
(I < r < p) are typical cases.
However, this result cannot be applied to A(u) = u Aup, and conse-
quently LA , because (2.5) fails to hold. But in its place we have
The reader will have no difficultyin modifying the proof of the theo-
rem of Torchinsky using (2.6) instead of (2.5) to obtain the following:
Theorem(S.Koizumi[l]). Let T be a sublinear operation of weak
type (1, 1) and of type (p,p) for some p > 1. Then T is of type (A,C),
i.e. there is a constant K such that
Furthermore if we apply Theorem 2 to the estimation (2.7), we then
have
Theorem(S.Koizumi[2]). Let T be a sublinear operation of weak
type (1, 1) and of type (p,p) for some p > 1. Then T is of type (Ao ,Co )
where Ao , Co are the regularization of A,C respectively and we have
We show these functions explicitly:
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Here we should point out that through the paper, functions A,B,C
are not supposed either
Let x = (xx, xz, ■■･, xn), y = {yx, y2, ･･･, yn) be points of the n-
dimensional Euclidean space R". A.P.Calderon-A.Zygmund studied the
singular integral operator:
where the kernel K(x) has the form
Let us denote by Z, the unit sphere on which Q(x') is defined.Let
us denote by v(6), the modulus of continuityof Cl(x'):
Let us suppose that
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(ii)Q(ar') G L'(X) and its modulus of continuity u(6) satisfythe Dini
condition:
As a special cases, there are the Hilbert transform:
and the Riesz transform:
The unified operator of the Hilbert transform and ergodic operator
due to M.Cotlar belongs to our category. The maximal operator due to G.
H.Hardy-J.E.Littlewood does too. We shall not go into further. For details,
the reader should be refered to E.M.Stein[7].
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